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Abstract

The presented thesis is an structured exposition of the Weil conjectures and
their application to the theory of elliptic curves over Q. The first part of the work
is a foundational component focused on the cohomological apparatus necessary
for the proofs of the Weil conjectures, and the second part is a novel approach
to a problem concerning the Selmer groups, an equivalence class in the first
cohomology of the curve, as the arithmetic application of the tools.

The first part is a very brief exposition of the homological machinary used
in modern algebraic geometry following the school of Grothendieck, from the
framework of categories and topos into abstract theory of schemes and /1/-
adic cohomology. These tools are then used for developing a cohomological
interpretation of the zeta functions and L-series, through a derivation of the
Lefschetz fixed point formula and an outlined proof of the Weil conjectures,
besides the Riemann Hypothesis.

The second part is the application of these tools for arithmetic of elliptic
curves over rational numbers, specifically for those with an integral 2-torsion
point. We compute the exact selmer groups with tools borrowed from /1/-adic
cohomology and local reductions to compute the Selmer ranks. This result
contributes to open problems regarding the growth of Mordell-Weil ranks and
further open problems regarding the Tate-Shafarevich groups.

An outline of the differences and novelties of this work are provided in the
fourth chapter, by avoiding use of quadratic twists in the computation of the
Selmer ranks, and contributes insights to the structure of Selmer groups in
exceptional families.

Keywords: Algebraic geometry, Elliptic curves, Selmer groups, Galois cohomology,
finite field arithmetic



Pedepat

Byn aurmioMmabik 2KyMbic Beitib Oo/KaMmIapbiH »KoHe oJiap/blH Q caHBIHBIH
epicTepiHer JITUITUKAJIBIK, KUCHIKTAp TEOPUACHIHA KOJIAHBLITYBIH KYPBLIbIM-
JIBIK, TYpJe Oasinpaiiibl. 2KyMmbicThil Oipinin OeJiiriage Beitib OosKamMIapbl-
HBIH, JIJeJijeyJaepine KayKeTTl KOrOMOJIOTUSJIBIK, allllapaTThbIH 1presil Herl3iepl
KapacTbIpbLIa b, aJl eKiHII 0eJIiriHe OipiHII KOroMOJIOIUsiIaFbl SKBUBAJICHT-
TiK KjaacTtap — CesbMep TOHTAPhI OOMBIHIIA apUPMETUKABIK, €Cell YKy Priziae/i.

Bipinmii 6es1iM — I'poreHank MeKTediHiH, OarbIThIH YCTaHa OTBIPHII, 3aMaHa-
YU aJredpaJiblK, IreoMeTPHsiia KOJJIAHbLIATBIH TOMOJIOTUSJIBIK 9JIiCTEP/IiH Kbl
CKallla, KCIO3UIUsIChl. KaTeropusaaap MeH TOIOCTap TEOPHUSIChIHAH OacTall CXe-
MaJiap MeH l-aJiInK KOroMOJIOTHsIChIHA JICHIHT yFBIMIap KapacThIPbLIaibl. By
armapar 3eTa-PyHKIUAIap MeH L-Karap/apblH KOTOMOJIOIHSIBIK, HHTEPIIpe-
Tanusiiay yiiH KosjianbLiaibl. CoHbiMeH Karap, JledimenTiH TypakTbl HYK-
Te opMyJIachkl TYbIHIAJbBI, Beiiib bomkamaapeinbiy, (PuMan rumnoresacbinan
backa) JJesieyiepi Kearipiies.

ZKyMBICTBIH eKiHII O6TTriH/Ie palnoHaJI CaHIap epiciHjieri OyTiH 2-TOPCHOH b
HYKTecl 0ap SJUIMITUKAJIBIK KHUCBbIKTapra apHaJraH apudMeTHKaJbIK, ecerTep
YKYPpriziiei. -aJyink KoroMoJiorusi MeH »KepriJiikTi pelyKIusiap 9/icTepi apKbl-
sibl CesibMep TONTAPBIHBIH, HAKTHI oJieMiepi ecenresneni. Byn moruxe Mop-
J-Beitib panrrepiniy ecyi xkone Teiir—IllacdapeBud TonTapbIHBIH IEKTE-
yCi3Jiri Mocesesepl OONBIHIIA AIlIbIK, CypPaKTapra y/jIec KOCa/ibl.

2KyMBICTBIH, »KaHAIIBLIIBIFBl TOPTIHIII O6J1iMie KopceTiireH, MyHa Ceb-
MEp PaHITEPIH ecenTeyje KBaJIpaTHKaJbIK Oypay/iap KOJJaHbLIMAIILI. By
TOCLI epeKIle SJIINITUKAJIBIK KUChIKTap oTOachiHIarbl CejibMep TOlITapblHbIH
KYPbLILIMBI YKOHIH/IE »KaHa TYCIHIKTep Oepei.

Tyitin cesep: agredpaJIbIK reOMeTPH, JINITUKAIBIK KIChIKTap, Ce/ibMep
TonTaphl, ['amya KOroMOJIOIUsICHI, IIEKTEY/I epicTep aprudMeTuKachl
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Pedepart

lannasi BbIIycKHas padoTa MpeJICTaBIseT co00il CTPYKTYPUPOBAHHOE U3JI0ZKE-
Hue runore3 Beiiis n ux npuaokeHus: K TEOPUN SJITUNTHIECKIX KPUBBIX HA/T
nojieM paruonaabubX duces Q. IlepBast yacTh mocBdinena mocTpoeHNI0 KOTro-
MOJIOTTIECKOTO ammapaTa, HeoOXOINMOro s JoKa3aTeIbcTBa TunoTes Beits,
B TO BpeMs KaK BTOpasd YaCTb COJEPXKUT OPUTHMHAJIBHBIN TOJIX0J] K ITPOdJIeMe,
cBsi3annoil ¢ rpynmaMn CebMepa, KOTOpbIe SABISIOTCS KIaccaMi SKBUBAJIECHT-
HOCTH B II€PBO#l KOIOMOJIOTUU KPUBOIL.

ITepBast gacTb npejicTaBasgeT coOON KpaTKoe M3JIOXKEHNE TOMOJOIMYCCKIX
METOJIOB COBpPEMEHHOil ajredpandeckoii TeoMeTprn, pa3BUBaBIIeiics B paMKax
MTKOJIBI [ poTerinKa — OT KaTeropuii 1 TOMOCOB K aDCTPAKTHO TeOpUu cxeM 1 |-
AJINIeCKONl KOTOMOJIOTHH. DTOT allapaT MCIOIb3yeTcs JIJIsT KOTOMOJOTHIeCKOiT
UHTEepIpeTau j13eTa~-PpyHKknnit u L-psjioB, BKIOYasd BBIBOL popMysIsl Jled-
mera O HEMOJABUKHON TOYKEe W CXeMATHIHOe JT0KA3aTeIbCTBO THUIOTe3 Befins
(3a mckJIOUEHHEM rHTIOTE3bl PruMana).

Bropas 9acTb IpuMeHseT 9TH METOJIbl K apudMeTUKe SJLTHITHICCKITX KPH-
BBIX HaJ (), B YACTHOCTH JJIsT ceMeliicTBa ¢ Ies1oil Toukoil mopsiika 2. [locpe-
CTBOM WMHCTPYMEHTOB l-avuecKoii KOrOMOJIOTUN U JIOKAJIBHBIX PEeYKINil BbI-
qucagioTesd pasmeps! rpynn Cenbmepa. [lorydennbie pe3yibTaTbl BHOCAT BKJIA/T
B OTKPBITHIE BOIPOCHI O BOBMOXKHOM pocTe paHroB rpymninsl Mopjesia—Beitns
u B 1pobJieMy cTpyKTyphI rpyiibl Teiira—Illacdhapesuya.

Oryinunst 1 HOBU3HA JIAHHON pabOThI U3JI02KEHBI B UYeTBEPTOIT TIaBe, e BbI-
yucaerns CesibMep-paHToB TPOBOAATCA 0€3 MTPUMEHEHUsT KBaPATHIHBIX TBU-
CTOB. DTO IMO3BOJIAET MOJIYINTh HOBBIE IIPEJICTaB/IeHusI O CTpyKType rpyti Celib-
Mepa B UCKJIIOUNTETbHBIX ceMeNCTBAX SITUITUIECKNX KPUBBIX.

KitioueBble ciioBa: ajredpandeckas FreOMeTPHs, SJTUITUIeCKNE KPUBBIE, TPYTI-
bl CesibMepa, Koromosiorust ['asaya, apudmMernka KOHEUHbBIX MToJIeit
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Introduction

The presented work is an aim to lay the foundations of modern algebraic geome-
try, and show an application of this given in the fourth chapter. The first part of
this work, the first three chapters, are aimed for a reader unfamiliar with modern
algebraic geometry. Basics of ideal theory are assumed, and from this we build
up the foundation of modern reading of algebraic geometry, that of categorical
interpretations of Alexander Grothendieck and his school, to prove the Weil con-
jectures besides the Riemann Hypothesis. We go through the basics of category
theory, homological algebra, scheme theory and cohomology theory to approach
this goal, and familiarize the reader with the state of the art algebraic geometry, as
is needed for the latter part of this work.

The second part is a manuscript partially sent for publication showcasing
what can be done with the explained tools. We work with the arithmetical and
geometrical techniques developed within the first three chapters to investigate the
arithmetical properties of certain families of elliptic curves, which an open field
of many investigations, beginning from the works of Artin on zeta functions and
made quite famous by the works of Wiles on the Fermat’s Last Theorem. Our work
builds upon the existing literature on this topic to shed light on certain objects made
to study elliptic curves over rational numbers, and includes a short survey of open
problems to be addressed in the future of this work.

The connection of the two parts grows deeper than an application of the
techniques through open conjectures such as that of Birch Swinnerton-Dyer and
Beilinson-Bloch-Kato. The center of this algebraic and analytic connections are
the L-functions and zeta functions associated to varieties, with which the Weil
conjectures are concerned; it would be a disservice to the reader thus not to include
the ideas of these objects beforehand to get a sense of urgency these problems hold
in the field of arithmetic geometry.



The idea of zeta functions stems from the solutions of a set of algebraic equa-
tions in a finite field and the problem of counting such solutions. This problem is
due Artin. He began the study of extensions in function fields and their arithmetical
properties, 1.e, the number of rational solutions to intersection of curves. This lead
to the study of zeta function associated to the curve defining the extension under
consideration. But to see why zeta functions went under consideration, one must
go further back.

Dedekind studied number fields which were rationals with finite number of
algebraic extensions. The reason for this is that the divisibility of solutions to a
polynomial by primes is governed by the behavior of prime numbers under rationals
extended with the solution of the polynomial. It was observed that the number
vastly differs for various extensions, and many extensions lose basic properties
of natural numbers such as unique factorization. What was observed was that
the residue of zeta function associated to the field, the function mimicking the
Euler product formula over prime numbers used in Riemann zeta function, was
directly related to the behavior of the number field associated to the extension.
This was the first sign that there had to be a much deeper connection between
algebraic properties of a field and the analytic properties of the zeta function. The
work of Artin was thus the extension of class field theory to the case of function
fields, since for the case of function fields the classical geometric and algebraic
topological tools were available.

A factor that necessitates this text over other pieces of literature on this topic
1s the emphasis on the arithmetic aspects of algebraic geometry; many existing
pieces of literature do not take so much time as to even introduce etale or /-adic
cohomology theories only to focus on purely geometrical problems such as that of
classification of surfaces. Such problems despite their priority for a geometer are
of little interest for a text addressing arithmetic as its main issue, and thus this text
set its goal of the exposition as the Weil conjectures; this is more inline with much
of the developments of algebraic geometry, and so we return to it for this text.

We introduce the Weil conjectures and zeta functions in the first chapter. We
set the goal, which is to construct a Weil cohomology theory suitable for study
of finite field arithmetic. The chapter is aimed at demonstrating the nature of a
cohomology theory and what makes it important for us, and for a geometrical
investigation.



In the second chapter all the needed tools are briefly introduced; many topics are
crammed into one chapter, as a fast track course to familiarize the reader with the
topic and then immediately introduce the /-adic cohomology theory; for brevity,
many of the auxiliary topics and long justifications, or highly abstract category
theoretic explanations have been omitted, to avoid making the chapter overly long
and making this primarily a textbook of algebraic geometry. Each section of the
second chapter therefore capsulated as much as a book of [EGA] or [SGA] series,
and thus many omissions were necessary. At the end of the chapter we are finished
with the introduction of the /-adic cohomology, and are ready to give a proof of
the conjectures.

The third chapter is straightforward. We give a proof of the Lefschetz fixed
point formula for the Frobenius endomorphism, from which the Weil conjectures
all follow. We do not have much to do in the chapter, so it is quite a brief end for
the first part of this text.

The fourth chapter constitutes the original contributions of this thesis. Making
use of the cohomological and categorical framework developed in the first part, we
shift focus to the arithmetic of elliptic curves defined over the rational numbers.
We recall basics of elliptic curves, such as the group structrue, the L-function and
auxiliary groups, the Selmer groups and Tate-Shafarevich groups, as the central
invariants in the study of rational points.

The goal of this chapter is the computation of the Selmer groups within a
narrow family of elliptic curves, namely those with a point of order 2 on the origin.
We pursue descent techniques informed by /-adic methods and localization of
cohomology classes, and implement a reduction strategy for this family of curves.
The algorithm is adopted from Goto [7], and is used to explicitly track growth of
Selmer ranks for this family.

This analysis not only shows the application of the cohomological methods
explained prior, but also lays the groundwork for future investigations into related
open problems, such as that of Birch Swinnerton-Dyer and Beilinson-Bloch-Kato.
In the body of the chapter, the divergence of methods from those of Klagsbrun and
Lemke-Oliver, who derived the same results from different methods, is discussed.
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Chapter 1

The Weil Conjectures

In this section, we introduce the Weil conjectures and the strategy taken to resolve
them. Firstly, we will need to introduce the zeta function of a variety. This section
follows works of [17] and [12]; the latter includes a through review of this topic.

1.1 Zeta Functions

In his 1846 paper, Riemann prove the the function

(=%
n=1

extends holomorphically to the entire complex plane, and formulated a hypothesis
regarding the distribution of zeros of this function. Since the zeta function admits

1
5@)=E]1_pﬂ

, its analytical properties encode arithmetical information regarding Z, including

the prime decomposition

the distribution of prime elements.
Following Riemann, Dedekind defines the zeta function of an arbitrary number
field K as

1
k)= | —5
K l;[ 1-N(P)

where N (%) denotes the norm of the prime ideal . This function, again, encodes
the arithmetical information regarding the ring of integers in K, and decomposes
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into a product of the Riemann zeta function and a similar series.

Example: (Dedekind zeta function) Consider the number field Q(i) with ring
of integers Z[i]. As primes p = 1 (mod 4) are split into two prime ideals, and 2 is
is split as (1+17)(1—1), the zeta function for this field becomes

1 1 1
{k(s) = = = =
-2 D(l—p—S)2Q<1—p H(T+p7)
we can rewrite this using the Dirichlet character y4 as

= ()L (x4.5)

1
k()=C) | |—— ==
: D I=x()p

where x (1) = -1, y(=1) =4, y(n+4) = x(n)

In 1921, Emil Artin develops the theory of zeta functions of quadratic function
fields with finite elements [F, (¢) analog to dedekind zeta functions, and proves that
it again decomposes as a rational function of p~°. He also formulates the analog
of Riemann hypothesis for this context.

Hasse later proves the Riemann hypothesis for the functional field of an elliptic
curve, using endomorphism ring of the curve and lifting from finite fields into
infinite fields. Following this, Weil proves the Riemann hypothesis for an arbitrary
curve over a finite field.

Weil introduces the geometric language in theory of zeta functions, re-founding
algebraic geometry in the way; he then develops the Weil conjectures regarding
properties of the zeta function. We now define and develop the basics of zeta
functions in context of finite type schemes.

Zeta function of a finite type scheme

Let X be an scheme of finite type over Z. We define

1
(X)) = |
| =)

where P refers to closed points in X, and N (%) is the cardinality of its residue
field.
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For an scheme defined as a disjoint union of subschemes {X;},

((X,5) = [¢(Xi.s)

For a X a F, scheme, we have

n

£(X,9) = exp( Y 1X (F) L)
n=1

Example: for the affine line A; and projective line P; on X, we have

1
(1-g'"=)(1-g~%)

{(Ag,s) = . L(Af,s) =

1— ql—s
We prove this by the observation

—ns

C(ad.s) =exp( Y Ay T—) =exp(}
n=1 n=1

n—ns
q

) =exp(—log(1—¢'™))
n

and
1

(1-g"=)(1-g~%)

{(Pg,.5) = {(Fyg9)¢ (Ag . 5) =

By rewriting the defined zeta function as a function of ¢~* rather than s, we get
the Hasse-Weil zeta function

Z(X,q7’) ={(X,s).

Example: We can rewrite the previous examples as
Z(AL 1) = 1
a7 11—t

and
1

(1-1)(1—q1)

1oy
Z(P q,t)—

We can now state the first Weil conjecture:

13



1.2 Statement of the Conjectures

We can now state the Weil Conjectures. Here, we let X denote an n-dimensional,
non-singular and projective variety of genus g.

Rationality: Rewriting {(X,s) as Z(X,T) for T = q~*, the zeta function is a
rational function in 7. Further, it can be factorized as

2n
_1)i+1
Z(X.1) = | Pi(1)Y
i=0

where each P;(T) is a polynomial with integer coefficients.
Functional equation: The zeta function has the following functional equation

Z(X,q7"T™") = ¢™*TXZ(X,T)

where y =2 —2g is the Euler characteristic of the X.

Betti Numbers: The degree of each polynomial P;(n) is the i-th Betti number,
which is the dimensions of the i-th homology group.

Riemann Hypothesis: The zeros of P;(T) for all i have the absolute value ¢*/?.

We note that all these properties are inferred from the Riemann zeta function;
its rationality follows the Euler product formulation, the functional equation fol-
lows Riemann’s work, the Betti numbers follows the Affine line having the same
topological structure as a point and the Riemann Hypothesis is trivial over finite

fields, though it remains open in the global case.

1.3 Weil Cohomology

The approach taken in this work for the proof of these conjectures is the use of
Weil cohomology meta-conjecture, titled such by Alexander Grothendieck. This
approach uses rather technical machinery from category theory, to which a chapter
is thus dedicated.

We now describe the concept of a Weil cohomology; note that since it is not
a definition and simply a description, more than one such object may exist. This
is indeed the case and we list the existing Weil cohomology theories at the end of
this section, along with reasoning for their usage or refusal here.

14



The Weil cohomology is a functor H : V(k)° — Vec}. of smooth projective
varieties over the field k to graded vector spaces over field K of characteristic zero.
Given X of dimension n, it satisfies the following axioms:

1. For all X € V(k), H'(X) is a finite dimensional vector space over K, and if
i¢[0,2n], H(X)=0

2. H%(Spec(k)) = K. The spectrum of a ring is defined in the chapter Schemes.
3. dim(H?*(P")) = 1; this space is denoted as K(—1).

4. For varieties X, Y, we have the additive formula

H*(XUY)=H(X)®H*(Y)

5. For varieties X,Y, we have the following map
Bxy: H (X)®H*(Y) - H(X XY)

which is a natural isomorphism; further, it has graded commutativity such
that for x € H (X),y € H/(Y), we have x®y = (=1)y®x . We call this
isomorphism the Kiinneth map.

6. There exists a map Try inducing the isomorphism
Trx: H"(X) = K(=n) := K(=1)®"

such that Trxxy = Trx ® Try which coupled with the Kiinneth formula gives
the sequence of morphisms

H(X)® H"(X) > H"(X xX) —» H*(X) — K(-n)

We call this the Poincare duality.

7. For subvarieties of dimension n —i modulo rational equivalence denoted as
CH'(X), we have a homomorphism

cll, : CH'(X) — H*(X) (i) := Hom(K (—i), H* (X))

15



which is compatible with the Kiinneth map as

Fxxy (cli(@)®cll(B)) = clyl, (axp)

We can define the cup product as follows:
—: H'(X)xH/(X) - HY (X)

aUb e HY (X)

to turn the Weil cohomology groups into a ring.

1.4 Existing Weil Cohomology theories

In principle, there exist four different Weil cohomology theories by the axioms
given above. In this section we briefly discuss why only one is adopted for this
work.

Singular cohomology, also known as Betti cohomology from which Betti num-
bers take name, is the earliest such theory. It is defined over complex manifolds
and topological spaces, and provides a cohomology theory via the complex ana-
lytic space. This is the weakness of this theory as it fundamentally relies on the
complex analytic properties of the underlying space and has no extension for an
space defined over an arbitrary field, like the fields of positive characteristic needed
for the Weil conjectures; it is thus inapplicable here.

De Rham cohomology is next such theory; a generalization of singular coho-
mology, it uses Kéhler differentials instead of complex ones, and thus for all fields
of charactaristic zero. Over the complex numbers it agrees with the singular co-
homology, a celebrated theorem of de Rham, but it still fails to work with positive
characteristics, at least to be compatible with the Weil’s conjectures. We need to
make use of certain finite field endomorphisms for the zeta functions, which we
cannot use in fields of characteristic zero.

Two Weil cohomologies remain, both valid for the Weil conjectures; crystalline
cohomology, and /-adic etale cohomology. In this work we focus on the latter,
developed mainly by Grothendieck, and used in the first complete proof of the

16



Weil conjectures. This method uses sophisticated methods of category theory now
crucial for studying algebraic geometry, to successfully unify existing ideas of field
theory — Galois theory and the older ideal theory — within a geometric framework.
This arithmetic structure allows up to work within finite fields, and this is the main
difference with the prior theories, with respect to the Weil conjectures. The Galois
theoretic nature of this method also allows future interpretations and works within
the field of algebraic geometry.

Crystalline cohomology, which is a p-adic geometrical method developed
alongside etale cohomology, though took its final form much later, is a p-adic
counterpart to the de Rham cohomology. The earliest proof of the first Weil con-
jecture, the rationality of zeta function by Dwork, makes use of this method in its
infancy. A complete form of this theory and a full proof of the Weil conjectures by
this approach did not take form until much later works of Kedlaya however. This
approach is a more analytical approach to the problems, and is less aligned with
our algebraic disposition in this work. For this reason we have not pursued this
method here.

17
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Chapter 2

Categories and Homological
Algebra

In this chapter we shall introduce the basics of category theory. We will begin with
the definition of categories and basic operation within categories, then move on to
an important class of categories generalizing the notion of Abelian groups, namely
the Abelian categories. Finally, we will put forward basic tools from homological
algebra, namely the idea of sequences.

This chapter loosely follows the ideas of [8] books 1 and 3, [10], and [9] book

2.1 Categories and Functors

Definition: A category C consists of two parts; Objects, denoted Ob(C), and
morphisms between them, Hom¢ (-, -).

Take the category of sets for example. The objects are the sets, and for
A,B e &ns, Hom(A, B) consists of any mapping of one set to the other. Note
here that Ob(&724) is not a set, but a larger object, namely a class.

Other examples include &/7272, the category of rings, where Hom (A, B) con-
sists of ring homomorphisms. Similarly, we have category of &/# of Abelian
groups, and # o< (A) of modules over a ring. The Hom(-,-) operator in each
category is again morphisms retaining the category property.

For a category C, one can construct an opposite category C° by taking as
Ob(C?) the objects in C and as morphisms of two objects A, B, Homco(B,A) =

19



Hom¢(A,B). Similarly, a product category of C,D can be constructed with
objects and Hom operator as Cartesian product of those of C, D.

Definition: A morphism f : B — C is called a monomorphism if for any pair
e1,e2 € Hom(A,B), fe; = fe; implies e = e;. Similarly, an epimorphism is a
morphism f : B — C such that for any pair e|,e; € Hom(A,B), e1 f = e f implies
€1 = en.

In a category C, one might find an initial object Ciyjsiq; Such that Hom (Cipitiais -)
consists of a unique morphism. Conversely, a final object is an object such that
Hom(-,Cinar) consists of a unique morphism. An object which is both initial and
final is called a zero object.

For two objects of a category A, B, one can construct a product A X B such that
there exist unique maps 74 : AXB — A and np : AX B — B, and for any object
X with morphisms f; € Hom(X,A) and f, € Hom(X, B), there exists a unique
morphism in f € Hom(X,A X B) where mqo f = fi and mgo f = f>.

The previous definitions use only Hom operator and therefore identify objects
only in relation to other objects in the category. This is an important tool in
category theory, as for example, since any two objects that satisfy the axioms
as initial, final or product, would by definition have unique morphisms into one
another, and hence are isomorphic. Such properties are called universal properties.

Example: For f € Hom(A, B), take the universal object K such that for any
i € Hom(K,A), the composition f oi has the image zero, the zero morphism. This
object is called the Kernel of the morphism f, denoted Ker(f). The opposite
object cokernel coKer(f) is the universal object C such that for f : A — B and
j:B— C, jo fisthe zero morphism.

Definition: (Functors) A Functor F between two categories C and C’ is a
map between the objects Ob(C) and Ob(C’), and for a morphism f € Hc(A,B) a
functor has the map F'(m) : F(A’) — F(B’) in Hom¢/(A’, B’). Functors respect the
identity and compositions; a covariant functor maps compositions as F( fj o f») =
F(f1) o F(f>), while a contravariant functor maps them as F(fjo f2) = F(f;) o
F(f).

Here, we remark that a contravariant functor is a covariant functor from the
opposite category.

Definition: (Representable Functor) A covariant functor F : C — &7 J is
called representable is it is isomorphic to Hom(A,-) for some A € C. A con-
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travariant functor i : CY — &7.4 (a presheaf) is called representable if it is natu-
rally isomorphic to Hom(-,A) for some A € C. For each object in a category we
can the representation /(x) such that 2(x)(y) = Hom(y,x).

2.2 Limits and Colimits

Definition: (Limits and Colimits) For a category C and a functor F : J — C,
where category J consists of objects j;, the limit is the universal object L that can
be mapped to all objects F(j;). Reversing the arrows F : J — C? gives us the
colimit.

While this definition does not seem intuitive, we try to motivate it by a set of
examples:

Example: (Product) Consider a category of two object and no morphisms
between the two. Mapping F(j;) = A and F(j,) = B, the limit is the product
A X B. Note that for larger J, we get larger products which are still universal.

Example: (inverse limit) Take for category J the category of infinite objects
Ji»i € Ny, such that Hom(j,,, j,) is empty unless m = n+ 1. The limit L here is
called the inverse limit. For example, in category of rings, taking F(j;) = Z/(p")
we get the limit Z,,, the p-adic integers.

2.3 Additive and Abelian Categories

In what follows, we will introduce the axioms of additive and Abelian categories.
We will keep in mind as examples the category Ab and . o 4, Abelian groups
and modules over the ring A.

Definition: An additive category is a category satisfying the following:

e (Ad.1): The set Hom(A, B) has the structure of an Abelian group, such
that it distributes over addition, e.g, for f,g,h € Hom(A,B), f(a)+g(a) =

(f+g)(a)and ho(f+g)=hof+hog.
e (Ad.2): The category has a zero object.

e (Ad.3): The product of any finite number of object exists within the same
category.
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We define Abelian categories using two additional axioms:
e (Ab.1): The kernel and cokernel of any morphism exist.
e (Ab.2): For any morphism f, im(f) = ker(coker(f)). !

From this, follows that every bijection is an isomorphism. We now define
sequences and exactness of pairs of morphisms:

We can similarly define additive functors by the structure of morphism Hom (A, B) —
Hom(F(A), F(B)), and preservation of kernels, cokernels and zero objects.

Infinite sums and products

We now introduce some additional Axioms in order of strength, for existence of
infinite sums and products:

e (Ab.3) Direct sum of any family (A;) (indexed by the set /) exists within the
category. (Existence of sup)

e (Ab.4) Axiom (Ab.3) is satisfied, and monomorphisms are preserved as such
under finite sums.

e (Ab.5) Axiom (Ab.3) is satisfied, and for the indexed family above we have
(2ier A) N B = Xiei(Ai N B).

e (Ab.6) Axiom (Ab.3) holds for any A € C, and any family (B/) jes of in-
creasing directed families of B’ = (B{ )ier of subobjects B/ € A, we have:

N(#)- 3 ()

jeJ iEIj (ij)EHIj jeJ

We do not use (Ab.6), but it suffices to note that the category &/# satisfies
all six axioms, and so does the category of modules over a unital ring. We call
Abelian categories those which satisfy (Ab.1) and (Ab.2), AB3 those who satisfy
(Ab.3) as well, and AB5 those satisfying 4th and 5th axioms.

IToh § 1.4] states this as every morphism of Coim(u) — Im(u) being an Isomorphism. Vakil [21] states this
as every epimorphism being the cokernel of a kernel, and every monomorphism being the kernel of a cokernel. The
conditions are equivalent.
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We now define an important subobject class of categories.

Definition: A generator family in a category C is a family of objects (U;);es
such that for two distinct objects A, B € C and two morphisms f,g: A — B and
h:U; — A, we have f oh # goh. Equivalently, we can say that if U 1s the direct
sum of (U;);ey, called a generator, any object A € C is isomorphic to a quotient of
the a direct sum of objects all identical to U.

We see that in a AB3 category, existence of a family of generators ensures the
existence of a generator, as direct sums always exist. An AB5 category which has
a generator has the special name, Grothendieck category. Later we will see that
every such category is a quotient of a Mod(A) category.

Example: Consider in &/# the group Z. Since for f,g € Hom(A, B) there
exists f(x) # g(x) for some x € A, the map n — n-x in Hom(Z,A) suffices to
show that Z is a generator.

2.4 Homological algebra in Abelian categories

We now consider exact sequences and certain functorial properties which are
crucial in the next steps of our work.

Definition: (Exactness) We define an exact pair for a pair of consecutive
morphisms u and v if for the sequence

ASB-5C
if Ker(v) =Im(u). In a category with a zero object, a map

0— A LAl a7 0

is called a short exact sequence if the map f is a monomorphism, and the map g is
an epimorphism. Further, a functor & is called left (resp. right) exact if it F (f)
(resp. F (g)) is a monomorphism (resp. epimorphism).

We now present two important examples of such functors:

Example: (Hom(A, -)) In an Abelian category C, the Hom(A,:) : CxC —» A&
is left-exact; in other words, short exact sequences 0 B’ B B” — 0Qin
C are mapped to 0 — Hom(A,B’) — Hom(A,B) — Hom(A,B"”) in &/ #. The
same property holds for Hom(-, B), but the groups Hom(A,B) and Hom (B, A)
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may differ.

Example: (Tensor Product) In the category ./ ¢ g, the tensor product functor
M ® - is a right-exact functor; in other words, the short exact sequence of R modules
0 B’ B B” 0 in Moy is mappedto M®B" — M ®B —
M ® B” — 0 in the same category. Note that since M ® A = A® M for all R
modules A, M, this relationship is true for - ® M as well.

We now present two important class of objects, namely, injective and projec-
tives. These objects and the associated resolutions become crucial in our setup for
understanding cohomological invariants, which can be thought of as the goal of
homological algebra.

Definition: (Injective and Projective objects) For objects I, M,N, P in a cate-
gory C with a zero object, we call:

e [ an injective object if for ¢ € Hom(M,N),v € Hom(M,I) where ¢ is an
epimorphism, there exists § € Hom(N,I) such that o ¢ = for all M, N.

e P aprojective object if for ¢* € Hom(N,M),y° € Hom(P, M) where y° is
a monomorphism, there exists §° € Hom (P, N) such that 6 o ¢° = y° for all
M,N

We now define projective and injective resolutions. Given an object A, an
injective resolution is the exact sequence

0— A — Pd—s1' 2

where [, is a sequence of injective objects. Similarly, we define a projective
resolution as

Pl ——Py— A—0

With P, a sequence of Projective objects and d surjective.

Remark: For a projective object P, the functor Hom(P,-) is exact; similarly,
for an injective object I the functor Hom(-,I) is exact.

If the sequence of projective modules terminates after P,, i.e, P,+; =0, A has
projective dimension n. Injective dimension is defined similarly.

Definition: An additive functor F : C — C’ is effaceable if for each A € C,
there exists a monomorphism u : A — M for some M such that F(«) = 0. Similarly,
an additive functor is coeffaceable if for some epimorphism u : P — A, F(u) =0.
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In an Abelian category C and additive category C’, consider two (not necessarily
finite) integers a,b with a gap over one. We denote by a d-functor a covariant
functor from C to C’ in degree a < i < b, a system T = (T") of additive covariant
functors from C to C’; in addition, we take the following morphism

for any exact sequence 0 A’ A A” 0. This gives us an associated
sequence

_)TI(A/)_)TI(A)_>T1(A//)i>Tl+](AI)_>

which is a complex, that is, product of two consecutive morphisms is zero.

For a homomorphism A — B preserving the exact sequence,the functors 7*
and 0 naturally extend to B.

For the opposite categories of C° and C’°, the d-functor becomes the 9" -functor.

Now assume C’ an Abelian category; then image of exact sequence above is
exact. A cohomological (resp. homological) functor is an exact d-functor (resp.
0" -functor), defined for all degrees.

We will now present an example for each a cohomology and ahomology functor,
associated to the left-exact functor Hom (A, -) and right-exact M ® - defined above.
These examples turn out to be general enough to support our work in definition of
any (co)homological theory used in the body of this text.

Definition: (Derived functors) We associate to a left (resp. right) exact functor
F (A) aright (resp. left) derivation R'F (A) (resp. L;F (A)) to continue the exact
sequences such that the map % (A”) — R'Z (A’) is a monomorphism (resp. the
map L1 F (A”) — F(A’) is an epimorphism).

Example: (Hom and Ext) As seen above, the functor Hom(-,B) is left-
exact. We associate to it a right derived functor Ext'(-, B) such that the sequence
0 — Hom(A’,B) — Hom(A,B) — Hom(A”,B) — Ext{(A’,B) — ... is
exact. Now for the object A in this sequence we take the projective resolution

P, Py Py A — 0 and associate to it the sequence
0 — Hom(Py,B) — Hom(P;,B) — Hom(P3,B) —> ... Ext' is defined as
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the ith cohomology of this sequence

Ker(Hom(P;,B) —» Hom(P;;1,B))
Im(Hom(P,_1,B) — Hom(P;,B))

Ext'(A,B) =H'(A,B) =
Alternatively, we can associate to B the injective resolution

0—B—Ip— I

And the associated sequence
0— Hom(A,ly) — Hom(A,I,) — Hom(A,I) — ...

And take the ith cohomology

Ker(Hom(A,1;) = Hom(A,Ii+1))

Ext'(A,B) =H'(A,B) = .
*t(4,B) ( ) Im(Hom(A,I,_1) > Hom(A,I))

Example: (tensor products and Tor) We define the operator Tor;(M,A) as
the left derived functor of the tensor product M ® - such that the sequence

oo —Tori(M,A”") —m MA' —> MA—>MeA" — 0

1s exact, that is, the arrows are epimorphisms. Similar to the construction above, we

can take a projective resolution of A - - P, “e Py — Py A 0
and the associated chain complex -+ — M ®P, — - — M P — MQ®
Py — 0 to get the ith homology classes

Ker(M®Pi_1 —>M®Pi)
Im(M®P,- —>M®Pi+1) .

Tori(M,A)=H;(M,A) =

Note that for A, M modules over a commutative ring R, we have Tor;(A,M) =
Tor;(M,A).

2.5 Sheaves and Schemes

We now define sheaves and schemes. The motivation for this unfolds in two steps;
Firstly, we would like a topological approach to ring theory; Second, we would
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like a categorical approach to topology. This two-fold aims will be necessary for
the introduction of etale cohomology, which is the main aim of this chapter.

Sheaves

Here, we first define presheaves as a way of assigning data to each open cover of a
topological space. We then restrict our attention to a certain class which preserves
local data, and agrees on the overlapping covers, as sheaves.

Definition: (Presheaf) For a topological space X, a presheaf of sets contravari-
ant functor & : X — &7 4 such that:

e For any open cover U of X, there exists a set # (U) called the section of F
over U.

e There exists a map resg : F(U) > F (V) called the restriction map, re-

U

stricting sheaf from an open cover to an open subcover. In particular, res;,

amounts to the identity map.

Presheaves of groups or modules can be defined similarly. We now define
sheaves by restriction:
Definition: (Sheaf) A sheaf is a presheaf with the additional conditions:

e For a covering {U;} of the open cover U and two sections s,t € &F (U), if
S|y, = t|y, for all 7, then s =1.

e For a covering {U;}, if two sections agree on all overlaps of the domain,
then there exists a section gluing the two together, such that its restriction to
each cover agrees with the local sections. Following the previous axiom, the
gluing is unique.

We now present examples of presheaves and sheaves:

Example: (Constant sheaf) For a topological space X consider the presheaf
assigning a set C to all open covers; this is the constant presheaf. Now, to satisfy
the sheaf axioms, we modify this presheaf to assign empty set to the empty cover,
and multiple copies of C to non-intersecting covers, such that & (U) = C™(U),

Example: The operators LP(-) or C"(-) assigning measurable or n-continuus
function to each open cover of R are examples of sheaves, this time of modules, as
addition and multiplication by real numbers are valid actions in both spaces.
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Affine and Projective Schemes

To a ring A with prime ideals pj, we assign a topology in which open sets are
complement of prime ideals. By V() we shall mean a set of prime ideals, and by
D(f) its complement. We denote this topological space Spec(A)

1. 0,A €V since V(0) =Spec(A),V(1)=0
2. E C E'’ means V(E’) c V(E), hence V(UE;) =NV(E;)
3. V(EE")=V(E)UV(E’)

And therefore, this space is in fact a valid topology. We shall refer to this topology
as the Zariski topology.

For a ring A, and the topological space X = Spec(A), consider the sheaf Oy
which to an open set assigns rational functions of the ring, e.g /g, f,g € A, such
that for an open set U € X, the set & (U) does not vanish. We call this the structure
sheaf.

Example: Consider the topological space X = C[x]; the structure ring Oy is
the sheaf assigning to each open cover, non-singular functions on the same cover.

2.6 Sites and Topos

We now provide the definitions for Grothendieck topologies and topoi. We begin
this section by introduction of universes, which we do not make use of elsewhere.
The only problem requiring us to do this is the theoretical incompatibility of usual
set theoretical conception of cardinalities with the notion of topos, as the topos
grows larger than any cardinality within the ZFC.

Definitions: (Universe) a universe is a set such that

e (Ul ForxeZandyex,ye
e (U2)Forx,ye, {x,y} €U
e (U3)Forxe %, P(x) e

e (U.4) Union of elements x; indexed by / € % is an element of %
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Note that since the power set of each element is an element of %, the cardinality
of 7 is higher than all its members; in particular, the relation % € % cannot be
verified.

We can define categories for usual categories, such as sets, topological spaces
and Abelian groups inside a universe % denoted as %g s, % ap, €tc.

We call an object % small if it is isomorphic to an element of %. We thus use
words like small groups, small categories, etc.

Definition: (Small category) A category C is a ¢y if for all x,y € Ob(C),
The set Hom(x,y) is 2% small. It is small if Ob(C) is fully inside % .

The (Pre)sheaf of sets on a category C within a universe % 1is the category of
contravariant functors for C with values in %g,s;. The category of preshaeves of
sets for a category C, é%, 1s a car 1s C is small. this does not necessarily hold
if Cisitself a Zcar.

We now define Sieves.

Definition: (Sieve) For an object A € C, a Sieve on A § is a set such that for
any f : B — A € S and all morphisms g : B — B, the composition fogisin S.

Example: The minimal sieve on A {i4} of only the identity, and the maximal
sieve on A of all morphisms Hom(-,A) are both valid Sieves. Clearly, any sieve
on A lies somewhere between the two. The sieves on an object form a set.

Definition: (Base change) A base change of a sieve from S on A to S X4 B to
B € Ob(C) is the sieve on B defined by the composition of each element in S with
a morphism f : B — A.

Definition: (Topology) A topology on a category C assigns to each A,A" € C
a set of sieves J(A),J(A’) such that:

1. The maximal sieve h4 of each objects belongs to J(A)

2. Stability under base change For any morphism f : A — A’ and elements
S € J(A’), the base change S’ X4 A is an element of J(A).

3. Local Character If for every map f : A — A’ the base change by f of S is
an element of J(A), then S is an element of J(A’).

We note the two conditions here:

1. For S,8" € J(A), SNS" € J(A)
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2. If SeJ(A),Sc S, 5 eJ(A).

Definition: (Topos) In a universe U, a U-topos (or a Topos) E is a site (e.g,
category with grothendieck topology) which is isomorphic to C category of sheaf
of sets for C € U.

A topos E is a Ucar satisfying:

1. Finite projective limits are representable

2. Direct sums indexed by an element of U are representable

3. Equivalence relations in E are universally effective

4. E admits a generator family indexed by an element of U.
Theorem: (Giraud) The following are equivalent for a Ucar E:
1. Itis a U topos (from the definition above)

2. E satisfies 1-4 above

3. The U sheaf on E with canonical topology is representable, and E has an
small family of generators

4. There exists a category C € U and a fully faithful functor i : E — C of U
presheaves on C admitting a left exact left adjoint.

5. There exists a site C € U such that projective limits are representable in C
and the topology on C is less fine than the canonical topology, such that E
is equivalent to the category C of $U$-sheaves of sets on C

Two topoi E, E’ are equivalent if there exists a functor f such that it commutes
with inductive limits, admits a right adjoint and is continuous (e.g, preserves limits)

Example: (Topos associated to a topological space) Take X an small topo-
logical space and 7y the category of coverings on X with the canonical topology.
Consider Top (X) the topos associated to this space; it is the category of sheaves of
sets on the space X, and is equivalent to the etale space (the space of all continuous
morphisms into) X.
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2.7 Etale and /l-adic Cohomology

Consider two rings A,B and a ring homomorphism f: A — B. We call this
homomorphism flat if For an A module M, the functor M — M ®,4 B is exact. This
condition is equivalent to B being a free A algebra. In such case, the morphism
of Schemes Spec(B) — Spec(A) is also said to be flat. Similarly, the morphism
is unramified if it is a finite and separable ring extension. A finitely presented flat
and unramified morphism is called an etale morphism.

for two schemes X,Y and two affine schemes Spec(A), Spec(A[€]/(€?)) and
maps f: X =Y, h:Spec(Ale]/(€?)) = Spec(A), ¢ : Spec(Ale]/(€?)) — X,
¢ :Spec(B) — Y, the induced map g : Spec(A) — X:

1. exists: f is smooth
2. 1s unique: f is unique
3. exists and is unique: f is etale.

For an scheme X, we define the etale site X,; as the category of Schemes U
with etale morphisms to X, and we define a covering a family of etale morphisms
{U; — U} such that each {U; — U} are jointly surjective and etale. We refer to the
set of covers of U as Cov(U). A sheaf on the etale site is a functor F : X7, — Set
such that for Cov(U) the diagram

FU) — | |F(U) 3 FUixy U))

is an equalizer. We note that the etale site X, is naturally the topos associated to
the scheme X.

We recall the definition of fundamental groups 7;(X). A fundamental group
is the group classifying the covering spaces of X. The finite covering spaces are
thus classified with the profinite completion of the fundamental group.

Theorem: (Riemann’s Existence) Any etale morphism is a finite-to-one cover-
ing space, and conversely every finite-to-one covering space arises this way, from
a unique etale cover.

The construction of the etale fundamental group of an scheme X thus follows
the definition

n{'(X)=lim XAutX(Y).

etale Y—
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Consider a normal scheme X = NSpecR;. By K(X) we denote the field of
fractions of X, which given R; are normal, is independent of i. Let L be a finite
extension of K (X) and R; the integral closure of R; in L. The maximal unramified
extension is defined as

K(X)unr = UL|XL — X is etale.

The fundamental etale group is thus defined as 7{'(X) = Gal(K(X) -/ K (X)).
Hurewic’s theorem states that the first homology is isomorphic to the abelian-
ization of the fundamental group. From this, we can construct the first cohomology
group as
H'(X,A) = Hom(H,(X,Z),A) = Hom(n(X), A)

We similarly define the first etale cohomology group
H'(X.1, A) = Hom (7' (X), A)

Note that we work with finite finite A. Note that for this case, the usual cohomology
and etale cohomology of a simply connected manifold coincide. The higher etale
cohomology classes are similarly defined for the constant sheaves on the etale
sites. We now introduce an important type of etale cohomology, which is the Weil
cohomology intended for introduction in this chapter.

Defining the usual sheaf cohomology on this site, we denote by H’ (X, A) the
i-th etale cohomology with coefficients in a finite ring A. For a variety X over
a field of characteristic p # [, we define the [-adic cohomology as H' (X,Z;) :=
lim, H' (X,Z/1"Z) and H.,(X,Q)) := (lim, H. (X,Z/1"Z)) ® Q

Again, consider X over a field k. We can always find an scheme X such that X
has an open immersion into it and the morphism X — Spec(k) is separated, finite
type, and universally closed. We can now define

H.(X,Q):=H. (X, Q)

. Where j,Q is the pushforward sheaf that is Q; on X and zero elsewhere.

Note for the latter, that the compact support — the definition of scheme on
the algebraic closure and completion of the underlying field — means that the
cohomological dimension of the compact support agree with those of the usual de
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Rham cohomology, thus the finiteness of the cohomology classes is guaranteed.
Using properties of sheaves on sites, one can verify the other properties of /-adic
cohomology with compact support as a Weil cohomology theory.
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Chapter 3

Proofs of The Welil
Conjectures

In this chapter, we provide the proofs of the Weil Conjectures 1-3, and a brief
discussion of the Deligne’s proof of the Riemann Hypothesis. The last conjecture
1s not proven here since the recreation of the proof requires machinery far beyond
what has been discussed so far. The proofs are done following the first work
of Deligne on the topic, [3], but the formulations more closely follow thosoe in
Milne’s formulation in [18].

3.1 Lefschetz fixed point formula

Here, we provide a proof for the main part of this chapter, the Lefschetz fixed point
formula. In the next section, we deduce Weil 1-3 from this.

First, consider an endomorphism f : X — X. The number of points fixed by
this morphism can be computed as

|[Fix(f)|=|TrNA

For a Variety X over the algebraic closure of the finite field F,,, denote by f the
frobenius endomorphism Frob : x — x?. It follows from Fermat’s little theorem
that the fixed points of this endomoprhism are the F, rational points of the variety,
thus |Fix(Frob)}

F, = |Fix(Frob)|g,. We therefore have the following lemma
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For a variety X over the finite field F,, we have
|X(Fg)| = [Trrop NA

denoting the number of rational points on X.

Consider a map ¢ : X — Y; this map induces a homomorphism of rings ¢* :
H*(Y) — H*(X). Given that this map is a homomorphism of finite dimensional
vector spaces, it has a matrix representation; We denote by Tr(¢|H* (X)) the trace
of this matrix.

Here we prove that this map is equal to the graph I',.

Lemma: For any regularmap ¢ andy € H*(Y), and p,q : X X X — X projection
maps, we have

p(clxxy(Tp) Ug™y)) = ™ (y)

Proof: We compute

ps(clxxy(Tp) Ug™y) = p.((1,9): Ugq™y)
=p«(L,@)(1U(1,90)"q"y)
=(po(L,9)(1U(go(1,9)%y))
=id.(1xVUg'y) =¢"(y) (3.1)

Lemma: Let (e;) and (f;) be the bases of H*(X) dual relative to the cup
product, so that
e; U fj = 5i]'€2d

. We have the following:

clxxx(Ty) = ) ¢*(e) ® f;

. This follows the isomorphism induced by the Kiinneth form and the previous
lemma.
We can now prove the Lefschetz fixed point formula for cohomology:
Theorem: (Lefschetz fixed point) Let ¢ : X — X be a regular endomorphism
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of X, a complete non-singular variety over an algebraically closed field K. Then

2dim(X)

(AT = > (~)'Tr(glH (X, Q).

r=0

Proof: Let e; be a basis for H", and ff”_r the dual for H>*~" induced by
Poincare duality. We then have

cl(Ty) = Z o (ef)® f27", and

Cl(A) — Z e;’ ®fi2d_r — Z(_l)r(Zd—r)fiZd—r ®e; = Z(_l)rfiZd_r Q 6:-’

taking the product of the sides we get
clxxx(Ty-A) = Z(—l)so*(ef )T ®@end = Z Tr(¢*|H) (2! @ 7).

Sending each element of the basis to 1, we get the desired formula.

We can now have our desired version of this as a corollary.

Corollary: We have the following formula for the rational points on a variety
over a finite field:

2dim(X) . .
X (F,)| = Z (-=1)'Tr(Frob|H'(X)).
i=0

Remark: Consider the case f =idy, the case of the identity morphism for
a smooth projective variety. In this case, the Lefschetz trace formula yields an
alternating sum of the dimensions of the cohomology classes of the variety, which
is the generalized Euler characteristic. In particular for curves, we see that

X(C) =) (~dim(H'(C)) =2-2¢
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3.2 Proof of the Weil Conjectures 1-3

We now provide a proof of the Weil conjectures besides the Riemann Hypothesis.
First, recall the definition of the zeta function as

Z(X,T) = exp (Z |X(Pq")|%n)
n=0

which we after logarithmic differentiation and multiplication by 7" becomes
T d log(Z(X,T)) = i | X (Fn)|T"
dT 8 e £ q" :

We have the following identity from linear algebra for an endomorphism F of
space V

d -1 S n n
T—log(det (1~ FT|V)) )—;Tr(F V)T

Which, coupled with the Lefschetz fixed point formula, yields the identity

2dim(X)
Z(X,T) = ]_[ det (1~ Frob.T|H'(X))"!
i=0

)i+1

Where 1 denotes the identity matrix.

Rationality and Betti numbers are clear; the determinant yields a polynomial in
degree of H'(X), and since no Weil cohomology class is infinite, the polynomial
remains rational. For the functional equation, notice that the Poincare duality gives
a non-degenerate pairing between $H>"! and H’. Given that the image of F rob,
in H*"~" is a multiplication by ¢", we have

. 1 .
det(1-FrobT|H') = ¢""T" det (1 - qn—TFmb;l |H?)

where b; are the Betti numbers. Taking the product over all cohomology classes
with regards to the alternating grading of the Kiinneth map, we get

Z(X,qg"T™") = g T¥X 72X T)
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as desired; the sign here relates to the instances of ¢"/? as an eigenvalue of the
Frobenius action.

This concludes the proofs of the Weil conjectures 1-3. For the Riemann
Hypothesis, we need further discussion of the eigenvalues of the Frobenius.
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Chapter 4

Application: Elliptic Curve
Arithmetic

In this chapter, we will show an application of the cohomological work done thus
far. Much of this material has been sent to appear in Kazakh Mathematical Journal,
and an abstract of it has been presented in the IMMM conference, April 2025.

4.1 Elliptic Curves

We now briefly introduce the idea of elliptic curves and explain the application
of the thus far given context. Our main aim here is to apply the methods and
techniques given so far to compute the first etale cohomology class of a family of
elliptic curves.

We begin by defining elliptic functions, from which we can define elliptic
curves and show the genus 1 property.

Definition: an elliptic function f is a doubly periodic function with the periods
w1, wy € C such that

f(2) = f(z+mwi+nwy) form,n € Z.

We define the period lattice A as such linear combinations of w,w.

We now recall a theorem from complex analysis, introducing constraints on the
types of elliptic function:
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Theorem: (Liouville)
1. A holomorphic, entire function on the complex plane is constant.
2. The sum of residues of f in the domain C/A is zero.

3. Every value of f has the same frequency in C/A
Proof:

1. take the domain C/A. If the function f is holomorphic then it is bounded
in this domain. Since this implies the function being bounded on the entire
complex plane, the function is constant.

2. take the parallelogram [0, w;,w; +wj,w;] which defines the domain C/A.
Due to the periodic nature of f, the integral over opposing sides of this
parallelogram is zero, hence the sum of residues is zero.

3. take the function g(z) = m; given that this function must also be
elliptic, the number of occurrences of any f(zo) must be equal, otherwise
g(z) violates the second theorem.

We now move on to one of the main classes of elliptic functions, the Weierstrass
elliptic functions.
Definition: The Weierstrass elliptic function ¢(z) is defined as

1 1 1
p(2) =5+ Z 2_ 2 2
= 502 A A

The derivative of this function is

, 1
@(Z)Z—Zm

AeA

thus it satisfies the following differential equation:

0 (2)* =49(2)° — 229 (2) — g3

with coefficients g, = 60G4(wi,w;) and gz = 140G¢(wi,wy), where G4, Gg are
the Eisenstein series defined in the accompanying text.
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This differential equation gives us our main object of study in this text, elliptic

curves. Rewriting this relation as
y2 =4x>—ax-b

we get the Weierstrass normal form of an elliptic curve!, which by this mapping is
isomorphic to the torus C/A. In general, elliptic curves are smooth and projective
algebraic curves of genus one.

Now, using the parameter 7 = % and modularity of Eisenstein series’, we get
the mapping H/SL,(Z) — A. From the Weierstrass function, we got the map
C/A — E. We can complete this route by constructing a map E — H/SL,(Z).

4.2 The Group Structure on £ (Q)

Given any cubic curve, a key feature is that a line through two distinct rational points
on the curve intersects it at a third rational point. This property is the foundation
of the group law on elliptic curves. Specifically, if P = (x1,y;) and Q = (x2,y2)
are two rational points on the curve E(Q), their sum, denoted P+ Q = R, is a third
rational point R = (x3,y3) that lies on the curve as well. This operation is both
geometric (based on the intersection of a line) and algebraic (as part of the elliptic
curve’s group structure).

A notable feature of the general Weierstrass equation for elliptic curves is that it
is symmetric with respect to the y-axis. That is, for any point (x¢, yog) on the curve,
the point (x, —yo) is also a rational point. This symmetry helps define the concept
of the identity element in the group. The point O, called the point at infinity, serves
as the identity element. Geometrically, O is the point where the curve intersects
the line at infinity. This intersection occurs when the curve is homogenized by
introducing a projective coordinate Z, such that the curve equation becomes:

Y?’Z=X>+aXZ*+bZ’.

When we set Z =0, the intersection at infinity corresponds to the point where
X3 =0, confirming that the curve intersects the line at infinity in exactly three
points, one of which is the identity point O.

lin characteristics p # 2,3 as the curve needs to be smooth
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From this construction, the rational points on the elliptic curve, together with the
point O, form an Abelian group under the operation of point addition. The addition
of two rational points is governed by the geometric construction of intersecting
lines (or tangents) on the curve, and this group structure is a central feature of
elliptic curves.

A fundamental result in the study of elliptic curves is Mordell’s theorem,
which states that the group of rational points on an elliptic curve, E(Q), is finitely
generated. That is, any rational point Q on the curve can be expressed as a finite
sum of independent points P, Py, P;,...,P,, where Py, P,,..., P, form a basis for
the free part of the group, and P is a point of finite order. In other words, there
exists a set of independent rational points Pi, P»,...,P,, such that every other
rational point on the curve can be written as an integer linear combination of these
points:

QO=bP+a Pi+arPy+---+a,P,,

where ay,a»,...,a, € Z, b € Z/nZ. The rank r of the curve is the number of
independent points in this basis, giving it the structure of the free group

E(Q) = ETors @Zr
Where E7,,s is the finite part. In this work, we have set E7,,s ~ Z/27Z, hense the
name 2-torsion.

4.3 L-series Associated to an Elliptic Curve

We now provide the definition for the L-function and the zeta function of an
elliptic curve. Firstly, from the isomorphism given above E ~ C/A, it follows that
the cohomology classes for an elliptic curve are

i=0 Q
H(E,Q){i=1 Q
i=2 Q
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from which it follows that the structure of the zeta function attached to an elliptic

curve is of the form
P(T)

(1-T)(1-4T)
where deg(P(T)) = 2. To compute this factor exactly, we will use the following

Z(E,T) =

auxiliary construction.

3 +ax +b, we have the discriminant A(E) = —16(4a> -

For a curve E : y> = x
27b?%). For odd primes not dividing A, we define a reduction of the Elliptic curve
as

-2 3, = 7
E,:y =x"+adx+b

to be the reduction of the curve modulo p. Counting pairs (x,y) modulo p along
with the point at infinity we get the result

E(]Fp):p+1—ep

with €, < 2+/p. We now construct the L-function of E as the product

L(E,s) = ]_[ (1—— e 1)—1.

p prime

Expanding the L-function as an infinite series we get the final result

We note that ¢, = Hp|n €p, and that Epk+l = EpE,k — PEpk-1.
We can define the zeta function of the elliptic curve from this as

1 —ayt+pt?
Z,(E,f) = P .
g (1-1)(1-p1)
Putting r = p~*, we get
l—a.p~*+ 1-2s
Z(E,s) = pb TP

(1-p=5)(1=ps71h
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which we can rewrite as

Z(E,t)={(s){(s—1)L(E,s)™"

As a consequence of the modularity theorem, the L-function of an elliptic curve
arises from a modular form, as a result, there exists a holomorphic extension for
the function L(E,s) as

£(E,s) = N> (1) *T(s)L(E, s)
with the reflection formula
g(E,S) = if(E92_s)‘

We note that the pole for an elliptic L-function is situated at s = % The constant N
1s an important constant related to the curve called the conductor.

The Birch-Swinnerton Dyer conjecture states that the order of vanishing of the
L-function at s = 1 is equal to the rank of the elliptic curve. Further, it states that
the first non-zero Taylor coefficient of the L-function at s =1 is

_ |UI(E)|QReck
|ET0rs|2

Ly

where QF, Rg, cg are constants, E7,, is the torsion group of the curve and I1I(E)
1s the Tate-Shafarevich group of the elliptic curve, the definition of which is given
in what follows in the chapter.

4.4 2-Torsion Families and the Rank Problem
Considering an elliptic surface
Exp:y*=x>+A(1)x+B(1) for A,B € Q[t],deg(A,B) <2

we investigate the rank of its fibers at particular values of t. Generally, it is
known that for a rational elliptic surface with generic rank rg, the subset of fibers
with ranks rg +{1,2,3} is not thin. One might ask further questions about the
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average ranks of fibers and the method of computing the generators of the weak
Mordell-Weil group. This task is carried out by computing the Selmer group.

We begin by marking families of elliptic curves by a 2-torsion point (;5,0) and
their isogenous family of curves. We consider the families

E: v’ =x +htx—rt—13

With h =1, e.g, integral torsion points, and translating the torsion to (0,0) we get
the family
E:Y’=X+2r X2+ (P +rH)X

and the natural isogeny at the point (r,0).

The main objective of this work is to demonstrate the following:

The upper bound of the Selmer rank for a family of elliptic curves with a
rational 2-Torsion up to naive height X is loglog X

In recent years, several authors — most notably Klagsbrun et. al. [14],
[13] — have studied the average behavior and distribution of Selmer ranks in
families of elliptic curves, often using Tamagawa ratios by the matrix construction
described by Monsky in appendix of [11]. In this work, we propose a direct and
elementary argument showing that the upper bound of the Selmer ranks in a family
of elliptic curves with rational 2-torsion grows like log/ogX, relying on local
Galois cohomology and the probabilistic distribution of twists and local images,
as laid out in [7]. Another approach to construction of Selmer groups is the graph
theoretical method described in [5], [6] in which methods of graph theory are used
to describe the Selmer groups. The same method is used in [16] over Q(i). A
notable similarity in most of these works is the focus on an special case of this
problem for curves

E:y*=x—nx

either focusing on the case where n is an square, or general case as in [16]. Our
aim 1is for higher generality in this case, but we note that setting » = 0 gives the

same curve here.
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4.5 Selmer Groups

For a variety A and a number field £ with a set of places v, we denote by A(k,)
the set of points on A in the v-completion of k. Let

H'(k,A) :=H' (Gal(k/k),A/k)
denote the Galois cohomology classes of A, in particular,
A(k) = H(k, A)

1s the set of k-rational points on A.
The Tate-Shafavevich group is defined as

114 = ker(H' (k,A) — nHl(kv,A))

such that the non-trivial elements correspond to homogeneous spaces (also called
k-torsors) measuring the failure of Hasse principal. Conjecturally, this value is
finite. This is only known to hold for the class of elliptic curves with a zero of order
at most one at L(E/Q, 1), or curves of rank < 1 given that the BSD conjecture is
proven for all such curves.

For an isogeny of elliptic curves, we have the following sequence

0— E(k)[¢] — E(k) — E’(k) — 0
where E (k)[¢] is the kernel of isogeny. Applying Galois cohomology gives us
0— E(k)[¢] — E(k) — E'(k) —

H'(k,E[¢]) — H'(k,E) — H'(k,E') — ...

Now, setting ¢ = m, the multiplication by m map and rewriting the sequence

we get

0 — E(k)/mE (k) - H'(k, E[m]) — H'(k,E)[m] — 0
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which we can restrict at each place v to get
0 —> E(ky,)/mE(ky) ~2> H' (ky, E[m]) — H' (ky, E) [m] —> 0.

Notice that given the finitude of E|[¢], the local Galois cohomology groups
Hi(k,,E[¢]) coinside with the respective etale cohomology groups.
The Selmer group is defined as the kernel

Sel™(E/k) = Ker(H'(k,E[m]) — H'(k,,E)[m]/H), (k,,E))
for each prime, where
H,,(ky,E) = 6,(E' (ky)/m(E(k,))),

of the mapping of m-torsion of the first Galois cohomology group to its restriction
in all places. In this way, we get the exact sequence

0 — E(k)/mE (k) —> Sel™ (E k) — Il [m] —> 0.

In [7], an algorithm is given for computing the connecting homomorphisms 6, and
0>. These images are used coupled with the definition

Sel?(E/Q) ={x € H(Q,E[¢]) | res,(x) € Im(6,) for all places p} = ﬂ]m(ép)

to describe the full Selmer groups for each elliptic curve. A full description of the
Selmer group gives an upper bound on the rank of the elliptic curves as we have

rank(E) = dimp,Sel?(E/Q) +diszSel¢’(E’/Q)
—dimp, III(E/Q)[¢] - dimp,IIL(E"/Q)[¢'] -2

from which it follows that
rank(E) < dimp,Sel*(E|Q) +dimp,Sel*(E’|Q) -2

relating the rank of elliptic curve to the dimension of the 2-Selmer group spanned
as an [F, vector space. In particular, if the Tate-Shafarevich group is trivial, the
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two sides will be equal. We refer to the right side of (1) as the Selmer rank of the
curve E. In the next section. The algorithm given in [7] is reproduced, which we
will use as the basis for our argument.

4.6 Prior Results

The problem of understanding the distribution of Selmer ranks in large families
of elliptic curves has attracted significant attention in recent years. Bhargava
and Shankar have shown in a series of foundational works that, in large enough
families of elliptic curves ordered by height, the average size of 2-Selmer groups
1s bounded. Specifically, in [2], they establish that the average size of the 2-Selmer
group across all elliptic curves over Q is exactly 3, and in [1], for families with
a marked 2-torsion point, the average rises to 6. These results suggest that, for
a majority of curves, the Mordell-Weil rank is either O or 1, though they do not
resolve the Birch and Swinnerton-Dyer conjecture in individual cases.

The behavior in more constrained families—particularly those with prescribed
torsion structures—is subtler. In [22], Xiong investigates a specific one-parameter
family E, : y?> = x> —n?, showing that the average size of the 2-Selmer group grows

slowly, approximately as 1/%log logX as n < X. A more general result appears
in [14], where Klagsbrun and Lemke-Oliver demonstrate that the 2-Selmer rank
in families of quadratic twists of curves with a marked 2-torsion point can grow
arbitrarily large. Their proof relies on studying the Tamagawa ratio between a
curve E and its 2-isogenous partner E’,

Sel, (E)|

T(E/E/) = W’

and evaluating its 2-adic valuation across quadratic twists EX. The growth is
controlled by local cohomological invariants at primes dividing 2, the discriminants
A, N, and infinity:

ordy T(EY/E") = g(x)+ ., (dime, Hy (K, E[¢]) ~1).
v|2,A,00

where g(x) involves average Legendre symbols over ramified primes.
In a follow-up work [15], they show that the distribution of Selmer ranks across
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such families of twists has mean 0 and variance loglog X, and they deduce that
arbitrarily high Selmer ranks occur infinitely often. These results, however, apply
specifically to twist families and depend crucially on analyzing the variation of the
Tamagawa ratio.

The present work differs in both setting and method. We consider a static
family of elliptic curves over Q with a rational point of order 2 at the origin, not
twists. We demonstrate that even without extension to quadratic fields, the Selmer
rank can exhibit unbounded growth, and that the average rank exhibits logarithmic
fluctuation. While our local analysis uses similar cohomological terms—such
as the local image under the Kummer map 6,—our method is based on direct
reduction and descent calculations adapted from Goto [7], rather than Tamagawa
ratios or isogeny-based arguments.

Moreover, while [14] suggests a \/@ average size of individual Selmer
groups in such families, no published proof of this claim appears in their later
work [13], which instead focuses on Cohen—Lenstra-type distributions for Selmer
group structures given fixed rank. As such, the present work contributes a distinct
perspective on the problem by re-analyzing the growth of 2-Selmer ranks directly
over Q, using concrete local-global computations without relying on isogeny de-
compositions or twist families.

4.7 Algorithm for Computation of the Selmer Group

We now reproduce the algorithm given in [7] to compute the Selmer groups.
We note here that the images of the connecting homomorphisms 6, and &), are
orthogonal with the (,), Hilbert symbol, such that for all x € 6,y € ¢}, we have

(x,y)p=1.
In the following section, we have the curve

E: y2 = x>+ Ax*+Bx
with values
a=0rd,(A),b=0rd,(B),d=0rd,(A*—4B)

and (ﬁ) denoting the Legendre symbol, and u is a non-square modulo p. We have

the following cases
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1. b=0:

24
(a) 2|d and (7) =—1— Im(6,) = Z;Q* Q>

(b) otherwise Im(6,) = {1}
2. b#0:

(@) a=0:
i. 2|b and (%) =—1—Im(5,) = Z3Q*/Qx>.
ii. otherwise Im(6,) = Q;/Q;Z.

(b) a#0:
i. b=1—1Im(6,) =<B>.

ii. b=2,a=1: let A=pA’ B=p’B, and a = (#), B =
(M) with VB’ denoting the p adic square root:
A. @=0-—1Im(6,) =<2A,A’2-4B >.
B. a=-1—1Im(6,) =<B>.
C. B’isnot an square in Q, — Im(d,) = Q;/Q;,‘z.
D. B=1—-1Im(5,) =<p>.
E. B=1-1Im(5),) =< pu >.
(¢) b=2,a>72:

i. —Bisnot an square in Q, — Im(6,) =< B >.
ii. p=3mod4— Im(6,) =Q}/Qx>.
iii. p=1mod4 — Im(6,) =< p >, < pu > depending on whether the
quartic character of —B in p is 1 or —1.
(d) b>3,a=1—-Im(6,) =<B >.
(e) b=3,a>2— Im(6,) =<-A,B >.

The algorithm concludes here. For ¢;, the algorithm is similar, but produces,
on average, larger groups. The algorithm can be simplified by making use of
quartic characters, as done in [16].
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4.8 Main Theorem

Let F(X) denote the family of elliptic curves of bounded height:
F(X)={Eap:h(Eap) <X}
where the height function is defined by
h(E) = max(343,27B%).

We are concerned with the behavior of the 2-Selmer rank S(E) for E € F(X).
Recall that the algorithms described in the previous section define local connecting
homomorphisms ¢, and their duals ¢7,, which are orthogonal. These maps capture
the image of £(Q,)/2E(Q,) in H ! (Qp,E[2]), and their interaction across all
primes controls the dimension of the 2-Selmer group.

Now consider a curve of the form:

E :y*=x>+pA'x*+p*B'x,
which is a quadratic twist of the curve
E,: y'=x’+Ax*+B'x.

This twist relation implies that the local images at p can be heuristically related,
and in particular, the twisting by p modifies the Selmer rank by introducing or
removing local obstructions.

We model the expected size of the image of each local connecting homomor-

phism 6, by:
log X

N no_ p 1
E[6,] ~ ) Iy

where the last approximation holds in the limit as X — oco. That is, the expected

n=1

contribution to the Selmer rank from each prime p behaves like 1/p.
Summing over all primes p < X, the total expected Selmer rank satisfies:

E[S(F(X))] ~ Z 1. loglog X.
p<X
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Possible overlaps (i.e., dependencies between local conditions at different primes)
contribute correction terms of order )| p#q i, which is convergent and thus does
not affect the asymptotic growth. Therefore, we obtain:

E[S(F(X))] ~loglog X,

which completes the proof of Theorem (1).

This heuristic matches the behavior observed in the works of Klagsbrun—Lemke
Oliver [14], [15] and Klagsbrun—Kane [ 13], who study the distribution of 2-Selmer
ranks via Tamagawa ratios and show that the average and variance of Selmer ranks
grow like loglog X.

4.9 Conclusion and Prospects

This result shows the growth of Selmer ranks for this family of elliptic curves.
From the equation (2) we see that this result, together with an study of the growth
of Tate-Shafarevich group could lead to the solution of the following open problem

Problem 1. Does there exist B € Z such that for all elliptic curves E over Q,
one has rank(Q) < B?

We note that, in light of results such as [2] and [1], the vast majority of
elliptic curve families exhibit bounded average Selmer ranks, making them unlikely
sources of counterexamples to bounded rank conjectures. By contrast, families
with unbounded Selmer rank—such as the one examined here—become natural
candidates for detecting potential violations. In this context, one of two conclusions
must hold: either the Mordell-Weil rank becomes unbounded in such families, or
the Tate—Shafarevich group (E) absorbs the excess growth. The latter scenario
raises a distinct and unresolved problem of its own, as no general algorithm exists for
computing (E), and its behavior in large families over Q remains poorly understood.

The general consensus is in favor of this, for example, as in [19]. We see that in
this case the boundedness of the rank would imply that the Tate-Shafarevich group
also grows without bounds. There are methods for studying this problem, as in
[20], but it remains for future undertakings to apply these to this particular family
strictly over Q.

54



Conclusion

The dissertation thus presented has been structured in two strata. Firstly, a founda-
tion of modern developments in algebraic geometry has been lain out, and second,
an application has been presented to show the use of the tools and techniques
developed for a problem in arithmetic geometry.

The first part was devoted to the development of the formalism necessary
for understanding the modern, categorical interpretation of algebraic geometry.
After presenting the problem, that of Weil conjectures, we dedicated a chapter to
build up all that was required to address them; categories, sheaves and schemes,
cohomological apparata and number theoretical aspects of the finite fields were
presented to meet this end. The emphasis on the abstract machinery was quite
essential; without a coherent outline of the tools and terminology, not just the
Weil conjectures but the application too would remain inaccessible. While not
a comprehensive guide, a framework has been drawn and adopted to address the
main points of modern geometric language.

The second part was the application of these methodology and machinery to
a concrete arithmetical problem, that of Selmer groups and the ranks of elliptic
curves. Building on the cohomological framework of the former part, we defined
certain auxiliary concepts for the ranks of elliptic curves, applied methods of Galois
and etale cohomology, and draw upper bounds for the ranks of Selmer groups and
thus demonstrated the use of abstract algebraic concepts to yield concrete results
in the theory of arithmetic. While we did not address the analytic theory of the
L-functions and the Birch-Swinnerton-Dyer conjecture, as those are far beyond the
scope of this dissertation, this application provides a first step into this connection
of algebraic and analytic phenomena.

There are many routes that can be addressed from the path outlined in this
dissertation; One immediate step is studying the finiteness of Tate-Shafarevich
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groups, a problem which remains open even in the narrowest of cases. As the
methods of application of the Selmer ranks suggests, however, in our case this
could be an attainable goal. The presented homological techniques naturally
yielded a method to approach the Selmer groups, and the same methods could be
applied again for the Tate-Shafarevich groups, when a more sophisticated approach
to the global fields has been established. A more ambitious aim is to connect the
algebraic constructions of this work to the analytical theory of the zeta functions.
It was briefly mentioned how the L-functions for an elliptic curve contain algebraic
data in their central values. It was far beyond the scope of this work, but it remains
as a future path to connect these bridges for the solution of the Birch-Swinnerton-
Dyer conjecture. This analytic goal would be first of many steps to fully grasp the
analytical 'meaning’ of what was presented, with the final aim of the Riemann zeta
function. Many topics remain to be discussed before that, Galois representations,
more cohomological frameworks, and analytic number theory, to name a few; this
work however was aimed at being a first step, which now concludes.

This thesis is thus a first step; a point of departure into deeper ends of number
theory and geometry. A foundation was presented, the application was shown, and
thus further explorations may proceed.
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